Ultrasonic reflection imaging has the potential to produce higher image resolution than transmission tomography, but imaging resolution and quality still need to be further improved for early cancer detection and diagnosis. We present an ultrasound reflection image reconstruction method using the split-step Fourier propagator. It is based on recursive inward continuation of ultrasonic wavefields in the frequency-space and frequency-wavenumber domains. The inward continuation within each extrapolation interval consists of two steps. In the first step, a phase-shift term is applied to the data in the frequency-wavenumber domain for propagation in a reference medium. The second step consists of applying another phase-shift term to data in the frequency-space domain to approximately compensate for ultrasonic scattering effects of heterogeneities within the breast. We use synthetic ultrasound pulse-echo data recorded around a ring for heterogeneous, computer-generated, numerical breast phantoms to study the imaging capability of the method. The phantoms are derived from an experimental breast phantom and a sound-speed tomography image of an in-vivo ultrasound breast data collected using a ring array. The heterogeneous sound-speed models used for pulse-echo imaging are obtained using a computationally efficient, first-arrival-time (time-of-flight) transmission tomography method. Our studies demonstrate that reflection image reconstruction using the split-step Fourier propagator with heterogeneous sound-speed models significantly improves image quality and resolution. We also numerically verify the spatial sampling criterion of wavefields for a ring transducer array.
INTRODUCTION
Even though ultrasonic imaging is the second most often used imaging modality in medicine, 1 its role is usually limited to compliment the other major imaging modalities such as x-ray imaging. It is critical to significantly improve the image quality and resolution of ultrasonic imaging in order to make this imaging modality feasible for early breast cancer detection and diagnosis. Current limitations of ultrasonic imaging arise from commonly used linear transducer arrays that restrict the data acquisition aperture etc., and from the lack of compensation for ultrasonic scattering effects during image reconstruction, resulting in low-resolution and noisy images. To alleviate the first limitation, several groups have developed ring transducer arrays to increase the data acquisition aperture. [2] [3] [4] [5] [6] [7] [8] [9] The recent technological advances in ring transducer arrays provide an opportunity to accurately obtain sound-speed tomography images of the breast. [10] [11] [12] [13] Such images are normally smooth and the image resolution is low. In this paper, we present an ultrasound reflection image reconstruction method that makes use of smooth sound-speed tomography results for wavefield inward continuation to improve image quality and resolution. The wavefield extrapolation is carried out using the split-step Fourier propagator that has been used for modeling and imaging in other fields, [14] [15] [16] [17] [18] but has not yet been studied for medical ultrasound imaging. We study the image reconstruction capability of the split-step Fourier propagator for ultrasound breast imaging using a ring array and computer-generated breast phantoms. The split-step Fourier propagator is based on the Fourier transform and phase shift in the frequency-wavenumber and frequency-space domains. Therefore, it minimizes the numerical dispersion and consequently reduces image artifacts. Reflection image reconstruction with the split-step Fourier propagator is computationally much more efficient than full wave-equation-based time-reversal image reconstruction, 19 but more accurate than phase-shift image reconstruction. 20 We demonstrate that ultrasound reflection image reconstruction using the split-step Fourier propagator with heterogeneous sound-speed models significantly improves image resolution and quality compared to phase-shift image reconstruction.
The sampling criterion of wavefields needed to image objects within a ring array has been developed recently. 21 We use a synthetic ultrasound pulse-echo dataset recorded by a ring array for a computer-generated breast phantom to numerically verify the sampling criterion.
SPLIT-STEP FOURIER PROPAGATOR
The acoustic-wave equation can be decomposed into two one-way wave equations describing wave propagation in opposite directions. The one-way wave equation in the frequency-space domain is given by
where (x, z) is the space position, ω is the circular frequency, v is the sound speed, U is the acoustic wavefield, and the operator Q is defined by
with v 0 is a reference sound speed. Equation (2) can be approximated by
where the slowness s = 1/v, and the reference slowness s 0 = 1/v 0 . The formal solution of equation (1) is
which extrapolates the acoustic wavefield U from z to z + ∆z.
Inward continuation of the wavefield from receiving transducers into the breast using equation (4), together with equation (3), can be implemented with the following steps: The resulting wavefield is the extrapolated acoustic wavefield. The wavefield inward continuation using the above procedure is termed the split-step Fourier (SSF) propagator.
For ultrasound pulse-echo signals, the ultrasound propagation time from a transmitter to a scatterer, and then back to the transmitter/receiver, is twice propagation time from the transmitter to the scatter. Therefore, a time sample interval that is a half of that in pulse-echo data is used for pulse-echo imaging to focus scattering wavefields back to scatterers. The image I(x, z) is obtained at time zero of backpropagated wavefields, and is calculated using
One major advantage of the split-step Fourier method is that it is based on the Fourier transform, and therefore, the numerical dispersion is minimized. When using an assumption of uniform sound-speed for image reconstruction (v = v 0 ), the method leads to the phase-shift image reconstruction scheme. 20 
ULTRASOUND PULSE-ECHO IMAGING FOR A NUMERICAL PHANTOM DERIVED FROM AN EXPERIMENTAL BREAST PHANTOM
Two numerical breast phantoms are used to investigate the capability of the split-step Fourier propagator for reflection image reconstruction. An important advantage of using computer-generated phantoms in image-reconstruction studies is that the exact sound-speed model of the phantoms is known, and thus the reflection image reconstructed using the exact soundspeed provides a gold standard of image quality and resolution that could be achieved using a given image-reconstruction algorithm. Another advantage is that numerical phantoms can be easily altered to simulate different anatomies and medical situations. It is difficult to study combinations of different medical situations of patients using clinical data.
The first numerical breast phantom, shown in Fig. 1(a) , contains four phantom breast masses. It is derived from an experimental breast phantom at Karmanos Cancer Institute. It consists of a subcutaneous layer of fat, a faceted parenchyma, and two tumors with higher sound speeds and two fatty masses with lower sound speeds compared to the surrounding tissue. The larger tumor is more irregular than the other anomalies. The surfaces of all phantom breast masses in Fig. 1(a) are rough, resulting in a significant amount of ultrasound scattering. An enlarged display of reflectivity (normal reflection coefficient) within the phantom is given in Fig. 1(b) . The maximum value of reflectivity is 0.015. It would be ideal if reflection images would look like the reflectivity.
We use a finite-difference time-domain scheme for the acoustic-wave equation in heterogeneous media to generate ultrasound pulse-echo data for the numerical breast phantom in Fig. 1(a) . We assume that the densities of the phantom tissues are proportional to their sound speeds during the finite-difference calculation. The data are recorded at 4096 transducers that are equally distributed around the ring shown as the white solid circle in Fig. 1(a) . The central frequency of the data is 1 MHz. The ring array has a diameter of 20 cm. Each transducer receives scattering signals emitted from itself. The synthetic pulse-echo data in Fig. 2 clearly show ultrasonic scattering from the interfaces of four anomalies, in addition to other scattering signals.
Image reconstruction with the split-step Fourier propagator requires a heterogeneous sound-speed model. We obtain the heterogeneous sound-speed models of the numerical breast phantom using a time-of-flight transmission tomography method, 13 in which transmission ultrasound data are used instead of pulse-echo data. This tomography method is computationally efficient, particularly when only using a few iterations in tomography inversion to produce a reasonably accurate sound-speed image. Two time-of-flight transmission tomography results for the phantom in Fig. 1(a) and (b), where the sound speed in (a) is a preliminary result obtained with only two iterations, and that in (b) is a more accurate one with ten iterations. It takes less than 20 seconds on a desktop computer to obtain the preliminary result in Fig. 3(a) .
We conduct ultrasound pulse-echo imaging with the split-step Fourier propagator using the synthetic pulse-echo data in Fig. 2 . In the image reconstructions, four different sound-speed models are used: a uniform one obtained using the average slowness of the numerical breast phantom (Fig. 1a) , two time-of-flight sound-speed tomography results, as shown in Figs. 3 (a) and (b) , and the original (correct) sound-speed model of the phantom shown in Fig. 1(a) . Figure 4 shows Figure 5: Differences of images between those obtained using sound-speed tomography results and that yielded using the original (correct) phantom sound speed. The differences in (b) are smaller than those in (a). The image differences are plotted using the same scale as that in Fig. 4(d) .
a comparison of the reconstructed reflection images. As depicted in Fig. 4(a) , the phase-shift image reconstruction using a uniform sound-speed model produced a blurred image with significant artifacts. When even only using a preliminary tomography result (Fig. 3a) for SSF image reconstruction (Fig. 4b) , the image resolution is significantly improved, and the image contains fewer artifacts than the phase-shift image reconstruction (Fig. 4a) . As demonstrated in Figs. 4(b) and (c), imaging quality is further improved using the more accurate sound-speed tomography result shown in Fig. 3(b) , and is the best when using the original sound-speed of the phantom (Fig. 1a) for image reconstruction (Fig. 4d) . Fig. 1(b) .
To compare image differences more clearly, Fig. 5 shows the image differences between Fig. 4(b) and Fig. 4(d) , and those between Fig. 4(c) and Fig. 4(d) . We can see that the image differences decrease with increasing accuracy of soundspeed tomography results, or the image quality and resolution improve with increasing accuracy of the sound-speed models used for image reconstruction.
ULTRASOUND PULSE-ECHO IMAGING FOR A NUMERICAL PHANTOM DERIVED FROM AN IN-VIVO SOUND-SPEED TOMOGRAPHY IMAGE
Another numerical breast phantom we used to test the capability of the split-step Fourier propagator for image reconstruction is derived from sound-speed tomography image of an in-vivo ultrasound breast dataset, collected using Karmanos Cancer Institute's ring transducer array. 9 We obtain the sound-speed image from the data using a time-of-flight transmission tomography method. 13 We then derive a numerical breast phantom from the sound-speed tomography image by removing the tomography artifacts. The phantom is depicted in Fig. 6(a) . The low sound-speed regions in the phantom represent fatty tissues, and the high sound-speed region is a breast cancer. Fig. 6(b) is an enlarged display of reflectivity (normal reflection coefficient) within the phantom, showing the gold standard of reflection image reconstruction. The maximum value of the reflectivity is 0.0001639, that is two orders of magnitude smaller than that of the phantom in Fig. 1(a) .
We use again a finite-difference time-domain acoustic-wave equation scheme to compute ultrasound pulse-echo data for the numerical breast phantom in Fig. 6(a) . We assume that the densities of the phantom tissues are proportional to their sound speeds during the finite-difference modeling. Figure 7 is the synthetic data recorded at 4096 transducers equally distributed around the ring shown as the white solid circle in Fig. 6(a) . The central frequency of the data is 1 MHz and the ring array has a diameter of 20 cm. Figures 8(a) and (b) are, respectively, results from two and ten iterations of the time-of-flight transmission tomography inversion for the numerical breast phantom in Fig. 6(a) . 13 Figure 8(b) is a more accurate sound-speed model than Fig. 8(a) . We use these sound-speed models to reconstruct reflection images using the split-step Fourier propagator and the synthetic pulse-echo data in Fig. 7 . For comparison, we also carry out ultrasound pulse-echo imaging using the phase-shift method with a uniform sound-speed model, and split-step Fourier image reconstruction with the correct phantom sound-speed. The reconstructed images are shown in Fig. 9 , demonstrating once again that image quality and resolution are greatly enhanced by using a reasonably accurate sound-speed models for image reconstruction. The images in Fig. 9(b) -(d) match very well with the reflectivity of the phantom as shown in Fig. 6(b) . Figure 10(a) shows the image differences between Fig. 9(b) and Fig. 9(d) , and Fig. 10(b) depicts the differences between Fig. 9(c) and Fig. 9(d) . Figure 10 shows that the image differences decrease with increasing accuracy of soundspeed tomography results used for image reconstruction. Practically, image reconstruction using a sound-speed tomography result with five to ten iterations of the tomography inversion can produce high-quality and high-resolution reflection images.
NUMERICAL VERIFICATION OF THE SAMPLING CRITERION OF WAVEFIELDS FOR A RING ARRAY
The sampling criterion of wavefields needed to image objects within a ring array has recently been developed 21 and is given by
where ∆ is the transducer spatial interval, λ is the wavelength, R is the radius of the ring array, and r 0 is radius of the object to be imaged.
In our image reconstruction studies using the numerical breast phantom in Fig. 6(a) and the pulse-echo data in Fig. 7 , λ ≈ 1.5 mm, R = 100 mm, r 0 ≈ 60 mm. Therefore, the transducer interval must satisfy ∆ < 1.25 mm according to equation (6) .
We conduct the split-step Fourier image reconstruction using 2048, 1024, 512, and 256 transducers recording ultrasound pulse-echo data as shown in Fig. 7 , and the reflection image reconstruction results are shown in Fig. 11 Transducer Number Figure 7 : Computer-generated ultrasound pulse-echo data for the numerical breast phantom in Fig. 6(a) . The central frequency of the data is 1 Mhz. The data show ultrasonic scattering from the heterogeneous phantom tissues. Fig. 6(a) . The preliminary result in (a) is generated with two iterations, and the result in (b) is a more accurate one yielded with ten iterations of the tomography inversion. corresponding transducer intervals are 0.31 mm, 0.61 mm, 1.23 mm, and 2.45 mm, respectively. The sound-speed tomography model depicted in Fig. 8(b) is used for the image reconstruction. The transducer intervals for Figs. 11(a)-(c) satisfy the sampling criterion of wavefields for the ring array, but that for Figs. 11(d) does not, leading to significant image artifacts inside and outside the phantom area. Even though Fig. 11 (c) contains some image artifacts outside the phantom region, the image within the phantom has significantly fewer artifacts than that in Fig. 11(d) . Figure 10: Differences of images between those obtained using sound-speed tomography results and that produced using the original (correct) phantom sound-speed. The differences in (b) is smaller than that in (a). The image differences are plotted using the same scale as that in Fig. 9(d) .
CONCLUSIONS
We have studied an ultrasound pulse-echo imaging method using the split-step Fourier propagator. The method uses heterogeneous sound-speed models obtained from time-of-flight transmission tomography for image reconstruction to approximately compensate for ultrasonic scattering effects. We have investigated the capability of the method for reflection image reconstruction using two different numerical breast phantoms and synthetic pulse-echo data recorded by a ring array. We have demonstrated that image reconstruction with the split-step Fourier propagator and a heterogeneous sound-speed model significantly improves image resolution and quality, even when using only a preliminary estimate of the sound speed. We have also numerically verified the spatial sampling criterion of wavefields for a ring array.
Waveform tomography has the potential to produce higher-resolution sound-speed images than time-of-flight transmission tomography. 22 We will study to use sound-speed models obtained using waveform tomography for ultrasound reflection image reconstruction to further improve image quality and resolution. In addition, we will study the capability of the ultrasound reflection image reconstruction with the split-step Fourier propagator for more realistic and complex numerical breast phantoms, and apply the method to in-vivo ultrasound breast data collected using a ring array. in the ring array. The sound speed used for image reconstruction is that in Fig. 8(b) . The imaging quality decreases significantly when the number of transducers is less than 512, or when the transducer spacing violates the sampling criterion for the ring array.
